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Function	machine	input	output

1	2	14	8	+	6	FUNCTION	MACHINES	This	is	a	function	machine:	Input	outputThis	then	gives	us	the	output	We	place	a	number	in	the	input.	…and	we	apply	the	rules	one-by-one	…	so	in	this	example,	we	+6	to	the	input	(	=	14)	The	number	then	moves	along	…	3	=	output	Input	+	6	+	6	b	c	Writing	expressions	from	FUNCTION	MACHINESWe	can
express	these	function	machines	as	a	number	sentence.	These	rules	are	known	as	algebraic	expressions….	In	Maths,	we	use	letters	from	the	alphabet	to	represent	numbers	that	we	don’t	know	yet	or	that	can	be	any	number…	These	function	machines	can	be	used	for	any	number	that	is	placed	into	the	input	…	Input	output	=	output	Input	+	6	+	6	b	c	…
and	instead	of	writing	output	we	could	use	a	different	letter	So	instead	of	writing	‘input’	,	we	can	use	a	letter	–	let’s	use	‘b’	4	+	4	x	2	b	x	2	+	4	=	c	b	is	5	Algebraic	expressions	-	Substitution	!Here	we	have	an	algebraic	expression	b	x	=	c	At	the	moment,	we	do	not	know	what	number	b	(the	input)	is,	and	therefore	we	do	not	know	what	c	(the	output)	is
So	we	need	some	more	information	If	it	were	drawn	as	a	function	machine,	it	would	look	like	this…	Input	output	x	2	+	4	5	This	is	called	substitutionAlgebraic	expressions	-	Substitution	!	If	b	is	5,	what	is	the	value	of	c	We	now	know	that	b	is	5…	b	x	=	c	Rewrite	the	calculation	with	the	number	substituted	Now	we	can	find	c	5	x	=	c	…	so	we	can	replace
b	with	5.	+	4	=	c	10	=	c	This	is	called	substitution	6	2	x	b	=	c	2	x	b	=	c	Algebraic	expressions	–	multiplicationWhen	we	use	letter	to	represent	different	numbers,	we	don’t	use	the	multiplication	symbol	…	2	x	b	=	c	Instead	of	the	multiplication	symbol	,	we	place	the	number	and	the	letter	together	….	2	x	b	=	c	7	4c	=	d	4	x	c	=	d	Algebraic	expressions	–
multiplicationSo	when	we	see	an	expression	like	this…	4c	=	d	4	x	c	=	d	It	is	the	same	as…	A	function	machine	takes	an	input,	and	based	on	some	rule	produces	an	output.	The	tables	below	show	some	input-output	pairs	for	different	functions.	For	each	table,	describe	a	function	rule	in	words	that	would	produce	the	given	outputs	from	the
corresponding	inputs.	Then	fill	in	the	rest	of	the	table	values	as	inputs	and	outputs	which	are	consistent	with	that	rule.	Input	values	can	be	any	English	word.	Output	values	are	letters	from	the	English	alphabet.	$\	\	\	\	\	$	input	cat	house	you	stem	$\	\	\	\	\	$	$\	\	\	\	\	$	$\	\	\	\	\	$	output	t	e	u			z					Input	values	can	be	any	rational	number.	Output	values	can
be	any	rational	number.	input	$2$	$5$	$-1.53$	$0$	$-4	$	$\	\	\	\	\	$	$\	\	\	\	\	$	output	$7$	$10$	$3.47$	$5$			$8$			Input	values	can	be	any	whole	number.	Output	values	can	be	any	whole	number.	input	$1$	$2$	$3$	$4$	$5$	$6$	$7$	output	$2$	$1$	$4$	$\	\	\	\	\	$							Input	values	can	be	any	whole	number	between	1	and	365.	Output	values	can	be	any
month	of	the	year.	input	25	365	35	95	330	66			output	January	December	February	April	November	$\	\	\	\	\	\	\	\	$	October	For	at	least	one	of	the	tables,	describe	a	second	rule	which	fits	the	given	pairs	but	ultimately	produces	different	pairs	than	the	first	rule	for	the	rest	of	the	table.	The	purpose	of	this	task	is	to	connect	the	a	function	described	by	a
verbal	rule	with	corresponding	values	in	a	table	(one	of	six	connections	to	be	made	between	the	four	ways	to	represent	a	function,	the	other	two	being	through	its	graph	and	through	an	expression).	It	also	encourages	students	to	think	more	broadly	about	functions	as	relating	objects	other	than	numbers,	although	this	broad	application	is	not	intended
to	be	assessed.	Because	of	its	ambiguity,	this	task	would	be	more	suitable	for	use	in	a	classroom	than	for	assessment.	Teachers	should	scrutinize	similar	tasks	with	care.	Sometimes	such	tasks	are	presented	without	asking	students	to	do	the	mathematical	work	of	describing	the	rule,	which	is	a	main	purpose	for	the	task,	or	acknowledging	the
possibility	for	multiple	possible	table	values,	which	would	be	mathematically	incorrect.	This	task	can	provide	an	opportunity	to	discuss	mathematical	modeling	and	function	fitting	(to	bring	in	a	real-world	example	one	can	discuss	predicting	sea	levels),	as	well	as	the	nature	of	scientific	extrapolation	and	inductive	reasoning	versus	mathematical
deductive	reasoning.	This	task	can	be	modified	to	be	played	as	a	game	where	the	instructor	has	a	chosen	rule	and	then	gives	input-output	pairs	one	by	one,	and	students	have	to	try	to	guess	the	rule.	Students	who	think	they	have	found	the	rule	could	either	describe	it,	or	perhaps	supply	input-output	pairs	which	follow	the	rule	they	are	guessing.	The
act	of	guessing	what	someone	is	thinking	is	not	really	mathematics,	but	mirrors	the	process	one	often	goes	through	when	modeling	with	mathematics.	What	is	needed	in	either	case	is	an	analysis	of	whether	the	chosen	rule	is	appropriate	and	whether	there	are	other	reasonable	rules.	For	examples	such	as	in	the	first	part,	a	question	might	come	up
along	the	lines	of	"Could	we	define	a	function	using	other	letters	in	the	word?"	It	is	clear	that	"take	the	first	letter"	is	a	rule	defining	a	function	from	words	to	letters.	But	to	do	something	like	"take	the	third	letter,"	when	some	words	don't	have	a	third	letter,	we	must	attend	to	precision.	There	are	a	number	of	reasonable	possibilities.	Either	the	set
from	which	the	input	is	taken	can	be	modified	to	be	words	with	at	least	three	letters.	Or	we	can	add	an	element	to	the	output	set	to	indicate	the	absence	of	a	letter	(mathematicians	would	usually	use	$\phi$	to	indicate	such	a	"null	letter").	Or	one	can	modify	the	rule	to,	for	example,	use	the	last	letter	for	words	with	fewer	than	three	letters.	There's	no
mathematical	reason	to	prefer	any	of	these,	but	modeling	situations	would	often	point	to	one	or	the	other.	For	example,	in	Scrabble	every	word	has	at	least	two	letters,	so	a	second-letter	function	would	be	well-defined	there.	The	task	brings	to	mind	one	function	which	is	of	more	value	as	a	brain	teaser	than	of	mathematical	value.	It	takes	as	input
positive	integers	and	has	as	output	the	number	of	letters	in	its	(American)	English	spelling,	so	the	first	few	values	are	$3,3,5,4,4,3,5,\ldots$.	We	can	notice	that	the	letters	provided	as	output	are	the	last	letters	in	the	words	provided	as	input,	so	one	possible	rule	is	"take	the	last	letter"	of	the	input.	Below	is	one	possible	way	to	complete	the	table
consistent	with	this	rule.	input	cat	house	you	stem	buzz	sky	picture	output	t	e	u	m	z	y	e	We	can	notice	that	the	output	and	input	pairs	given	all	differ	by	five,	so	one	possible	rule	is	“add	5”	to	the	input	value.	Below	is	one	possible	way	to	complete	the	table	consistent	with	this	rule.	input	2	5	-1.5	0	-4	3	0.1113	output	7	10	3.5	5	1	8	5.1113	The	numbers
seem	to	be	"switching	places"	in	a	way.	One	possible	precise	rule	could	be	that	the	output	for	an	odd	number	is	the	even	number	which	is	one	greater,	and	the	output	for	an	even	number	is	the	odd	number	which	is	one	less.	Below	is	how	to	complete	the	table	consistent	with	this	rule.	input	1	2	3	4	5	6	7	output	2	1	4	3	6	5	8	One	possible	rule	here	is
“the	month	in	which	the	input	day	of	the	year	falls”,	defining	January	1st	to	be	day	one.	To	be	precise,	we	specify	that	we	are	using	a	non-leap	year	to	determine	the	output	values.	Below	is	one	possible	way	to	complete	the	table	consistent	with	this	rule.	input	25	365	35	95	330	66	280	output	January	December	February	April	November	March
October	Mathematically,	any	of	these	tables	could	be	fit	by	an	unlimited	number	of	rules.	For	(c),	we	could	instead	choose	the	rule	to	produce	the	values	"divide	by	2	then	multiply	by	4".	That	is,	starting	at	$f(1)	=	2$	we	have	$f(n+1)	=	f(n)/2$	if	$n$	is	odd	and	$f(n+1)	=	4	\cdot	f(n)$	if	$n$	is	even.	(Such	a	definition	would	be	aligned	with	F-IF.3,	and	is
conceivable	as	a	student	answer	in	its	less	formal	description.)	This	gives	a	different	value	for	$f(5)$	than	the	rule	which	we	provided	above.	As	implied	by	the	first	answer	for	part	(d)	precise,	an	alternate	rule	would	be	to	use	a	leap	year	as	the	basis	for	the	rule.	In	this	case	for	example	$f(60)$	would	differ	from	the	value	given	by	the	rule	provided.
Page	2	Loading...	I	recently	helped	with	a	lesson	that	involved	using	input/output	machines	to	teach	fractions	to	5th	graders.	To	help	students	visualize	these	machines,	I	created	the	animation.	It	begins	with	machines	that	transform	shapes	into	circles	to	make	the	idea	of	the	machines	more	tangible.	Then,	it	switches	to	math	and	aligns	with	some	of
the	first	problems	in	the	student	work	packets	for	the	grade	5	CT	lesson.	This	video	can	be	used	in	conjunction	with	the	lesson	described	below	or	on	its	own	to	introduce	IO	machines	and/or	functions	in	programming	in	a	way	that	is	accessible	to	elementary	school	students.	Video	Lesson	I’ve	been	working	with	the	math	coach	at	my	school	to
incorporate	computer	science/	computational	thinking	into	elementary	school	math	lessons.	One	set	of	lessons	we’ve	used	most	recently	comes	from	the	Education	Development	Center.	They’ve	partnered	with	the	Massachusetts	Department	of	Elementary	and	Secondary	Education	to	develop	a	series	of	lessons,	modules,	and	activities	to	incorporate
computational	thinking	into	existing	lessons	that	align	with	Massachusetts	math	and	science	standards.	At	the	time	of	this	writing,	the	materials	are	still	under	development	and	may	change.	We	did	a	modified	version	of	the	Grade	5	Math	-	Number	Fluency	and	Fractions	module.	In	this	module,	students	use	two-step	input/output	machines	as	a
technique	to	multiply	whole	numbers	by	fractions.	For	example,	can	also	be	expressed	as	.	We	can	envision	the	multiplication	and	division	as	two	input/output	machines.	The	first	machine	takes	multiplies	its	input	by	3	and	the	second	machine	divides	its	input	by	4.	The	lessons	take	students	through	a	series	of	these	machines,	demonstrating	different
kinds	of	algorithms.	The	lesson	plans	call	for	these	machines	to	teach	students	about	algorithms,	which	help	develop	computational	thinking.	They	can	also	set	students	up	to	think	in	terms	of	functions.	In	computer	science,	functions	are	used	to	run	the	same	step	or	steps	multiple	times	without	having	to	define	them	each	time.	The	function	is	defined
once	and	called	(or	run)	as	many	times	as	necessary.	In	my	experience	working	with	first-time	coders	in	middle	and	high	school,	functions	can	be	one	of	the	first	major	sources	of	confusion.	I’ve	been	looking	for	a	way	to	help	students	visualize	functions,	and	input/output	machines	are	the	perfect	way	to	do	so.	Tags:	Computational	Thinking,	Math,
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